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Abstract In the present work a systematic study has been
presented in the context of the existence of libration points,
their linear stability, the regions of motion where the third
particle can orbit and the domain of basins of convergence
linked to libration points in the spatial configuration of the
collinear restricted four-body problem with non-spherical
primaries (i.e., the primaries are oblate or prolate spheroid).
The parametric evolution of the positions of the libration
points as function of the oblateness and prolateness param-
eters of the primaries and the stability of these points in lin-
ear sense are illustrated numerically. Moreover, the numeri-
cal investigation shows that the only libration points which
lie on either of the axes are linearly stable for several com-
binations of the oblateness parameter and mass parameter
whereas the non-collinear libration points are found linearly
unstable, consequently unstable in nonlinear sense also, for
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studied value of mass parameter and oblateness parameter.
Moreover, the regions of possible motion are also depicted,
where the infinitesimal mass is free to orbit, as function of
Jacobian constant. In addition, the basins of convergence
(BoC) linked to the libration points are illustrated by using
the multivariate version of the Newton-Raphson (NR) itera-
tive scheme.
Keywords Collinear restricted four-body problem ·
Equilibrium points · Linear stability · Zero-velocity curves ·
Basins of Convergence
1 Introduction
The restricted problem of the four bodies with various per-
turbations have been fascinated by a large group of astronomers,
researchers and scientists over the globe in few decades.
The restricted problem of four bodies in planar case is re-
ferred as restricted (N + 1) where N = 3, body problem. In
this problem the fourth body does not influence the motion
of the three primaries, and consequently the fourth parti-
cle can be assumed as a dynamical system composed of an
infinitesimal mass (i.e., the test particle) together with the
three main primaries. The central configuration of the three-
body problem contains two type of configurations: the Euler
configuration (i.e., straight-line configuration) and the La-
grange configuration (i.e., the equilateral triangle configura-
tion) (see Leandro (2006), Hamilton (2016)). The classical
restricted three-body problem with various perturbations has
been studied by many researchers in the few decades. For
example the existence as well as stability of the equilibrium
points (e.g., Simmons et al. (1985), Abouelmagd (2012),
Abouelmagd and Abdullah (2019a), Selim et al. (2019)),
when the primaries are non spherical in shape (e.g., Sharma
and Subba Rao (1979), Arredondo et al. (2012)), the analy-
sis of periodic orbits (e.g., Abouelmagd et al. (2019b) ), the
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basins of convergence and classifications of orbits (e.g., Zo-
tos (2015a), Zotos (2015b)) have been studied in restricted
three-body problem.
In the few decades, the Lagrange and Euler configura-
tions of the planar restricted four-body problem (PR4BP)
have been discussed by various researchers by modifying
the effective potential by adding some extra terms which
occur due to various perturbations to unveil the existence
of equilibrium points and their stability (e.g., Michalodimi-
trakis (1981), Kalvouridis et. al. (2006), Medvedev and Perov
(2008), Baltagiannis and Papadakis (2011a), Barrabe´s et al.
(2017), Suraj et al. (2018c)), the study of the motion of
the test particle when its mass is variable (e.g., Suraj et al.
(2019a), Suraj et al. (2018)), the computations of periodic
orbits (e.g., Baltagiannis and Papadakis (2011b), Palacios
et al. (2019) ), the study of fractal basins of convergence
(e.g., Zotos (2017a), Suraj et al. (2018b)), or the study of or-
bital dynamics of escape and collisions (e.g., Zotos (2016),
Maranhaˇo and Libre (1998)).
In various research papers, the scientists have also stud-
ied the existence of libration points and their stability in the
same dynamical model by taking the shape of primaries.
Asique et al. (2015) have studied the existence of libra-
tion points in the photogravitational version of the restricted
four-body problem when one of the primary is an oblate/prolate
spheroid, whereas Asique et al. (2016) have discussed the
same model by taking a triaxial rigid body as primary. Ku-
mari and Kushvah (2013) have included the effect of solar
wind drag to discuss the libration points and zero velocity
surfaces in the restricted problem of four bodies. In Ref. Zo-
tos (2015c), the author has compared the orbital dynamics
in three models which describe the various properties of a
star cluster which rotates in a circular orbit around its parent
galaxy. Moreover, Zotos and Jung (2018) have discussed the
orbit and escape dynamics in barred galaxies and illustrated
the basins of escape linked to the escape through the escape
channels in the vicinity of the libration points L2,3 which
are symmetrical in nature and further established the rela-
tion with the corresponding distribution of the escape times
of the orbits. In Zotos et al. (2018), the motion of the test
particle in a non-spinning binary black hole system is inves-
tigated numerically when the masses are equal. Further they
have classified the initial conditions into three different cate-
gories, i.e., bounded, escaping and displaying close encoun-
ters by using the smaller alignment index chaos indicator,
the orbits are classified into regular, sticky and chaotic.
In the literature, there is plethora of papers available where
the spatial collinear restricted four-body problem (CR4BP)
has been discussed. Ref. Arribas et al. (2016a), have dis-
cussed the planar motion of the infinitesimal body moving
under the system of three main primaries situated in a collinear
configuration (Euler 1767) with a symmetry and the periph-
eral primaries are also source of radiation. In addition, they
have considered the case where the gravitational force is less
than the radiation force. In the mentioned setup, they have
discussed the analytic study of the position and stability of
the libration points for the involve parameters. In continu-
ation of their study, Ref. Arribas et al. (2016b) have dis-
cussed the out-of-plane libration points, i.e., the equilibrium
points which lie out side the configuration plane of primaries
in the same dynamical system. Barrabe´s et al. (2017) have
discussed the relative equilibria and their stability of the in-
finitesimal mass, moving under the gravitational attraction
of three primaries which are in a syzygy, under the repulsive
Manev potential. Zotos (2017b) has investigated the BoC
linked with the equilibrium points by applying the NR iter-
ative scheme in the collinear restricted four-body problem
with angular velocity. He has illustrated the parametric evo-
lution of the positions of equilibrium points and their sta-
bility when the values of the mass parameter and the an-
gular velocity are considered in the fixed intervals. Palacios
et al. (2019) have illustrated the evolution of families of
symmetric periodic orbits as the function of mass param-
eter and evolution of spiral points, which show the con-
nection between heteroclinic orbits and equilibrium points.
Alvarez-Ramirez et. al. (2019) have illustrated the high or-
der parametrizations of the stable and unstable manifolds
connected with the libration points to allocate the ejection
orbits that eject from quadruple collision, in addition, they
have also shown the existence of ejection-direct escape or-
bits analytically.
In the present manuscript we proposed to discuss the
motion of the infinitesimal mass, moving in the gravitational
influence of the main primaries which are in a syzygy, this
setup always referred as collinear restricted four-body prob-
lem. In this study we extend the work of authors Palacios et
al. (2019) by taking the peripheral primaries as oblate/prolate
spheroid.
The present manuscript has following structure: the de-
scription of the mathematical model and the equations of
motion of the test particle are discussed in Sec. 2. The Sec.
3 deal with the existence of the libration points as function
of parameters whereas stability of these libration points is
analyzed in the following section. The regions of possible
motions are presented in Sec. 5. The BoC linked with the
libration points are illustrated in Sec 6. The paper ends with
Sec. 7 where the concluding remarks are presented.
2 Description of Mathematical model and Equations of
motion
The dynamics of the infinitesimal mass (also referred as
test particle) moving under the gravitational influence of the
three primaries Pi, i = 0,1,2 has been investigated in the
present problem. It is assumed that the primaries P1 and P2,
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having the same mass m1 = m2 = m, are oblate/prolate bod-
ies and the oblateness/prolateness parameters A1 = A2 = A
are also same while the central primary P0 is spherical in
shape. Moreover, we have assumed that the primaries are in
collinear central configuration where the primaries P1 and
P2 are situated symmetrically with respect to the central pri-
mary P0. Also βm, taken as the mass of the central primary
P0 where β denotes the so called mass parameter, is placed
at the center of masses of the system which is taken as origin
of the reference frame. The peripheral bodies P1,2 describe
the circular orbit around the central primary P0 with same
angular velocity ω .
In the synodic frame of reference with the same origin,
the line passes through origin and joining the center of mass
of P1 and P2 is assumed as x−axis and Oy−axis is a line per-
pendicular to Ox−axis and passing through origin while the
line through origin and perpendicular to instantaneous plane
of the primaries is assumed as Oz−axis. Consequently, in
the synodic frame of reference, the coordinates of the pri-
maries Pi, i = 0,1,2 are (xi,0,0), x0 = 0,x1 =−x2 = 12 , and
Gm0 = β . The configuration of the primaries remains invari-
ant, if the sum of the total gravitational force exerted by P0
and P2 on P1 are equal to the centrifugal force, i.e.,
m1ω2‖P0P1‖ = Gm1m0‖P0P1‖2 +
3Gm0
2‖P0P1‖4 I
∗+
Gm1m2
‖P1P2‖2
+
3Gm2
2‖P1P2‖4 I
∗+
3Gm1
2‖P1P2‖4 I
′∗,
where
I∗ = (I1+ I2+ I3−3I), I ′∗ = (I ′1+ I
′
2+ I
′
3−3I
′
),
whereas Ii and I
′
i , i= 1,2,3 are the principal moment of iner-
tia of the primaries P1 and P2 at its center of mass O, respec-
tively while I is the moment of inertia about the line joining
the center of mass of the primary P1 and the primary P0 or
P2 and I
′
is the moment of inertia about the line joining the
center of mass of the primary P2 and the primary P0 or P1.
Therefore, the angular velocity of the synodic frame is
ω2 =Λ = 2(1+4β )+6A(1+8β ), (1)
where A1 =
a21−c21
5R2 ,A2 =
a22−c22
5R2 and in the Copenhagen case
we have taken A1 =A2 =A. Also, when the oblateness of the
primaries are neglected i.e., A = 0, the ω2 reduces to same
as in Eq.(1) in Ref. Arribas et al. (2016b).
The units of distances, mass and time are chosen in such
a way that ‖P1P2‖= 1, and Gm= 1. The equations of motion
of the test particle after a change of time ds = ωdt, where
both of the peripheral bodies are oblate, can be written as:
x¨−2y˙ = ∂U
∂x
, (2a)
y¨+2x˙ =
∂U
∂y
, (2b)
z¨ =
∂U
∂ z
, (2c)
Fig. 1 The bifurcation curve in the (β ,A) plane. (colour figure online).
where
U(x,y,z) =
1
2
(x2+ y2)+
1
Λ
{
β
r0
+
2
∑
i=1
(
1
ri
+
Ai
2r3i
)}
,
ri =
√
(x− xi)2+ y2+ z2, i = 0,1,2.
Furthermore, analogous to the restricted problem of three
bodies, the system of equations in Eqs. 2a-2c possesses the
first integral, always considered as Jacobi integral, and ex-
pressed as
C = 2U(x,y,z)− (x˙2+ y˙2+ z˙2), (3)
where the Jacobian constant is represented by C.
3 The libration points
The libration points can be obtained by solving the equations
Ux = 0,Uy = 0,Uz = 0, (4)
where Ux,Uy,Uz are as follows:
Ux = x− 1Λ
{
βx
r30
+
2
∑
i=1
x˜i
( 1
r3i
+
3A
2r5i
)}
, (5a)
Uy = y
[
1− 1
Λ
{
β
r30
+
2
∑
i=1
( 1
r3i
+
3A
2r5i
)}]
, (5b)
Uz = − zΛ
{
β
r30
+
2
∑
i=1
( 1
r3i
+
3A
2r5i
)}
, (5c)
x˜i = x− xi. (5d)
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Fig. 2 Evolution of the positions of collinear libration points L+x1,2,3,4 and L
−
x1,2,3,4 as function of parameter A; (a) left: for the fixed value of
β = 0.1. The horizontal dashed magenta lines show the critical value of A= 0 and A=−0.039515, for this interval of A, there exist eight collinear
libration points. (b) right: for β = 1000 and the horizontal dashed magenta lines show the critical value of A =−0.09805989, for this interval of
A ∈ (−0.166687,−0.09805989) and (0,0.25) , there exist four collinear libration points whereas in A ∈ (−0.09805989,0) there exist no collinear
libration points. (colour figure online).
From the Eq.(1), we observe that Λ > 0, therefore the
parameter A must satisfy the condition A > − (1+4β )3(1+8β ) . In
Fig. 1, the evolution of the bifurcation curve are presented
in the (β ,A) plane. In the area below the curve there are
non-permissible value of (β ,A), while in the area above the
curve there are permissible values of the combination of
(β ,A). The red dashed line shows the permissible value of
A when β = 0. It can be observed that for large value of β ,
the value of A becomes almost constant, i.e., for β > 10000,
A =−0.166669.
3.1 In plane libration points
The in plane libration points are those libration points which
lie on the xy−plane. When we consider the libration points
on the xy−plane, i.e., z = 0 and the third equation is al-
ways fulfilled. Therefore, the libration points can be found
by solving the equations Ux = 0, Uy = 0 when z = 0. There
exist two type of libration points in the xy−plane, i.e., the
collinear libration points and the non-collinear libration points.
3.1.1 the collinear libration points
The collinear libration points are solutions of the equation
5a, when y = z = 0, i.e.,
x− 1
Λ
[
βx
|x|3 +
R−
|R−|3 +
R+
|R+|3 +
3A
2
{
R−
|R−|5 +
R+
|R+|5
}]
= 0
(6)
where, x−1/2 = R− and x+1/2 = R+.
In this subsection, we wish to discuss the effect of oblate-
ness or prolateness, and the mass parameter on the positions
of collinear libration points. According to Douskos et al.
(2012), A < 0 corresponds to the case of prolate primaries
whereas A > 0 corresponds the case of oblate primaries and
when A = 0, the problem converts to the classical case.
The parametric evolution of the positions of collinear li-
bration points are illustrated in Fig. 2 for two different values
of β . It is observed that the positions as well as the number
of libration points on x−axis strongly depend on the com-
bination of the values of β and A. For β = 0.1, there exist
8 collinear libration points for A ∈ (−0.039515,0) whereas
there exist only 4 libration points for A ∈ [0,1) and A ∈
[−0.259259,−0.039515). The libration points L+x3,4 and L−x3,4
originate from the vicinity of the primaries m1 and m2 re-
spectively for slightly negative value of A, and L+x3, L
−
x3 co-
incide with L+x2, L
−
x2 respectively and disappear completely
at A=−0.039515 whereas L+x4, L−x4 exist for A<−0.039515
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which we again labeled as L+x2, L
−
x2 for A∈ [−0.259259,−0.039515).
In addition, when β = 1000, there exist 4 collinear libration
points for A ∈ (−0.166687,−0.09805989) and A ∈ (0,1)
whereas there exist no collinear libration point when A ∈
(−0.09805989,0). In addition, we can notice that there orig-
inate a pair of collinear libration points in the vicinity of the
each peripheral primaries, i.e., there exist four collinear li-
bration points in total.
3.1.2 the non-collinear libration points
The non-collinear libration are solutions of Eqs (5a, 5b) when
y , 0. In this subsection, we discuss the locations of the li-
bration points evaluated numerically, by well known Newton-
Raphson iterative scheme. This method operates good con-
cerning the convergence and the reliability of the results for
the particular class of equations and this is exactly the reason
why we have used this method. It is necessary to note that
the Newton-Raphson method behaves well on the proper
choice of the initial condition and consequently, for the good
choice of initial conditions, we have used the efficient and
smart technique introduced by Arribas et al. (2016a).
In Fig. 3, the parametric evolution of the positions of li-
bration points on the (x,y)-plane are illustrated for the differ-
ent values of β and A. In Fig. 3(a-c), the value of β = 0.1 is
fixed and values of A decreases. It is observed that there ex-
ist 14 libration points in which four libration points originate
in the vicinity of the each of peripheral primaries. As the
value of A decreases, the libration points L+x3, L
+
x4 and L
−
x3,
L−x4 move towards each other and collide and finally disap-
pear completely (see Fig. 3b). Further decrease in the value
of A leads to the result that the libration points L+xy1,2 and
L−xy1,2 disappear completely (see Fig. 3c) and consequently
there exist the libration points which lie only on the axes.
In Fig. 3(d-e), we have illustrated the in-plane libration
points for the value of β = 1000 and observe completely
different results regarding the existence and movement of
the libration points. This clearly indicates that the existence
and the movement of the libration points depend on both the
parameters, i.e., β and A. It is observed that the libration
points L+x1, L
+
x2 and L
−
x1, L
−
x2 move towards each other and
disappear completely as the value of A increases and conse-
quently there exists no libration point on the x-axis (see Fig.
3f).
In Fig.4, we have illustrated the parametric evolution
of the positions of the libration points for varying value of
the oblatenes/proletness parameter and fixed value of the
mass parameter β = 0.1. It can be observed that, for slightly
higher value of the prolateness parameter A, there exist four
collinear libration points whereas in the vicinity of libration
points L±x2 there originate a pair of non-collinear libration
points L±xy1,xy2 which first move away from x−axis as the
value of A increases i.e., when A ∈ (−0.259259,B), four
collinear libration points exist in which two libration points
lie on y−axis and four libration points lie on the xy-plane.
The collinear libration points L±x1 and L
±
x2 move towards the
peripheral primaries, the libration points L±y1 move towards
the central primary whereas the non-collinear libration points
L±xy1 and L
±
xy2 move far from the x−axis first then again turn
towards the x−axis as A ∈ (−0.259259,B) and finally an-
nihilate in the vicinity of the peripheral primaries as A ∈
(B, C). Further, when A ∈ (B, C) we can observe that there
exist eight collinear libration points in total and two new
collinear libration points L±x3 and L
±
x4 originate in which the
libration points L±x3 move towards peripheral primaries and
at A = 0 these libration points annihilate in the vicinity of
them respectively, and the libration points L±x4 move towards
the central primary as the value of parameter A increases and
the movement of the remaining libration points are same.
Further, when A > 0, there exists no libration point on the
xy− plane, on the contrary the libration points always exist
on either of the axes (shown in blue colour line). It can be
observed that the libration points L±x1 and L
±
y1 move towards
the central primary m0 along the x−axis and y−axis respec-
tively.
In Fig. 5, we have illustrated the parametric evolution
of the positions of libration points for the fixed value of
β = 1000 and varying values of A ∈ (−0.166687,1). The
magenta, cyan, olive and orange dots represented by A, B,
C, and D respectively show the critical values of the oblate-
ness/prolateness parameters where the number of libration
points changes. It is observed that as the value of A is slightly
greater than the permissible value i.e., −0.166687, six li-
bration points exist in which four libration points namely
L+x1,x2 and L
−
x1,x2 exist on x−axis and two libration points
L+y1 , L
−
y1 exist on y−axis. As the value of A approaches to
A (shown by magenta dots in Fig. 5), four non-collinear li-
bration points namely L+xy1,L
−
xy1 and L
+
xy2,L
−
xy2 originate in
the vicinity of the collinear libration points L+x1 and L
−
x1 re-
spectively, and it can be further observed that these libration
points move away from the x−axis whereas the collinear li-
bration points L±x1 move towards and L
±
x2 move away from
the peripheral primaries as value of A increases. In addition,
at B (shown by cyan dot) the collinear libration points L±x1
collide with L±x2 respectively, and disappear. Consequently,
there exists no collinear libration point for prolateness pa-
rameter A ∈ (B, C) (shown in darker blue line) and only
the non-collinear libration points L±xy1,2 and L
±
y1 exist in this
range and at C, the non-collinear libration points L±xy1,2 col-
lide with the peripheral primaries and disappear completely.
Further, when A ∈ (C,0.25), a pair of collinear libration
points originate in the vicinity of each of the peripheral pri-
maries and move far from them as the value of A increases
(shown in darker gray line). In this interval, for the values
of the oblateness parameter, there exist six libration points
in total which lie on either of the axes (shown in darker gray
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Fig. 3 The evolution of the positions of the libration points, first row: for β = 0.1 : (a) left: A=−0.005; (b)middle: A=−0.1; (c) right: A=−0.215:
second row: for β = 1000 : (d) left: A=−0.142; (e)middle: A=−0.09804989; (f) right: A=−0.092. The blue dots show the positions of primaries.
(colour figure online).
line). It is noticed that as the value of oblateness/prolateness
parameter A increases the libration points L±y1 always move
towards the origin along y−axis.
4 The Stability of libration points
In this section, we deal with the stability of the libration
points in the configuration (x,y)-plane, where the effects of
the parameters A and β on the stability of these libration
points are illustrated. The stability of the libration points
can be determined by linearizing the equations of motion of
the test particle given in Eqs. 2a-2b about the libration point
(x∗,y∗). Consequently, the linearized equations for the test
particle near the libration points in the collinear restricted
four-body problem are x˙ = Ax, where x = (x,y, x˙, y˙)T , and
x is the state vector of the infinitesimal body with respect to
the libration points and A, the coefficient matrix is read as:
A =
(
O I
B C
)
, (7)
where
O =
(
0 0
0 0
)
, I=
(
1 0
0 1
)
,
B =
(
A11 A12
A21 A22
)
,C=
(
0 2
−2 0
)
.
Accordingly, the characteristic equation corresponding to the
matrix given in Eq. 7 is
λ 4+a1λ 2+a0 = 0, (8)
where
a1 = 4−A11−A22,
a0 = A11A22−A212,
A11 = 1− 1Λ
(
β
r30
+
2
∑
i=1
(
1
r3i
+
3A
2r5i
))
+
1
Λ
(
3βx2∗
r50
+
2
∑
i=1
x˜2i
(
3
r5i
+
15A
2r7i
))
,
On the Spatial Collinear Restricted Four-Body Problem With Non-Spherical Primaries 7
Fig. 4 The movement of the positions of the libration points on (x,y)-
plane for β = 0.1 and A ∈ (−0.259259,0.25), the yellow dots show
the value of the parameter A=A≈−0.259259, the cyan dots show the
value of A=B=−0.039515, the red dots show the value of A=C= 0,
and the black dots show the value of A=D= 0.25. The arrow represents
the movement of the positions of libration points while the big blue
dots show the positions of primaries. (colour figure online).
Fig. 5 The movement of the positions of the libration points for β =
1000 and the parameter A ∈ (−0.166687,1). The magenta dots show
the value of parameter A =A, cyan dots show the value of A =B=
−0.097968, cyan dots show the value of A =C= 0, and orange dots
show the value of A =D ≈ 1. The arrow shows the movement of the
positions of libration points. The big blue dots show the positions of
the primaries. (colour figure online).
A22 = 1− 1Λ
(
β
r30
+
2
∑
i=1
(
1
r3i
+
3A
2r5i
))
+
y2∗
Λ
(
3β
r50
+
2
∑
i=1
(
3
r5i
+
15A
2r7i
))
,
A12 =
y∗
Λ
(
3βx∗
r50
+
2
∑
i=1
x˜i
(
3
r5i
+
15A
2r7i
))
,
= A21.
x˜i = x∗− xi,
ri =
√
(x∗− xi)2+ y20, i = 0,1,2.
A libration point is said to be stable if the solution of the
Eq.8, evaluated at the libration point, has four pure imagi-
nary roots. This is true only when the conditions,
a21−4a0 > 0, a1 > 0, a0 > 0, (9)
are satisfied simultaneously.
In Fig. 6, we have illustrated the linear stability of the
collinear equilibrium points. In Fig. 6a and Fig. 6b, the sta-
bility of the equilibrium points are depicted for constant
value of β = 0.0001 and β = 5 respectively. In both the
cases, we observed that equilibrium points L±x2 and L
±
x3 are
stable. However, as the value of β increases, the intervals
of the values of parameter A decreases in which the libra-
tion points are stable. In Fig. 6c, the stability of collinear
libration points are presented for fixed value of A = −0.02
and varying values of β and observed that L±x2 and L
±
x3 are
stable for β ∈ (0,2.29207325) and β ∈ (0,0.63939639) re-
spectively.
In Fig. 7, the stability of the libration points for β = 0.1
and 1000 is presented for varying values of the parameter A.
In Fig. 7a, the stability of the libration points is presented
for mass parameter β = 0.1. It is unveiled that the libration
points L±x2 are linearly stable for A ∈ (A,B) and A ∈ (B, C)
(the stable equilibrium points are depicted in thick orange
and green lines respectively). Further, the equilibrium points
L±x3 are linearly stable for A ∈ (B, C).
In Fig. 7b, the stability of the libration points is pre-
sented for β = 1000 and we noticed that the collinear libra-
tion points L±x2 are stable for A∈ (A, B) whereas L±y1 are also
stable for A ∈ (A, B). In addition, we have observed that the
L±y1 are stable for the value of A∈ (B, C) and A∈ (C,1) also.
It is also observed that none of the libration points which lie
on (x,y) plane are stable, however, for some mass ratio the
equilibrium points which lie on y− axis are linearly stable.
5 The regions of possible motion
By using the relation 3, we shall draw the evolution of the
zero-velocity curves for fixed value of C, by assuming the
motions of the particle on the xy-plane. The zero-velocity
curves bifurcate the regions of possible motion of those planes
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Fig. 6 The parametric evolution of the stability of collinear libration points: (a) left: for β = 0.0001 and (x,A∗1) = (1.15454220,−0.27055522),
and (x,A∗2) = (0.05161635,−0.08262583); (b) middle: for β = 5 and (x,A∗1) = (0.66910678,−0.01123429), and (x,A∗2) =
(0.37141443,−0.00690825); (c) right: for A = −0.02 and (x,β ∗1 ) = (0.72564641,2.29207325), and (x,β ∗2 ) = (0.28636778,0.63939639).
The stable regions are depicted by green colour. (colour figure online).
Fig. 7 The parametric evolution of the stability regions of the libration points for (a) left: β = 0.1 and A ∈ (−0.259259,0.25), here the thick
orange and green lines show the positions of the stable libration points. The value of A, B, C, and D are same as in Fig. 4; (b) right: β = 1000
and A ∈ (−0.166687,1), thick black lines show the positions of stable libation points. The values of A, B, C, and D are same as in Fig. 5. (colour
figure online).
from the forbidden region where the test particle can not or-
bit.
In Fig. 8(a, b, c), the regions of possible motion are
depicted for the fixed value of β , the prolateness parame-
ter A and increasing value of the Jacobian constant C. The
coloured area represents the forbidden regions where the test
particle can not communicate. At C =CL+y1 =CL−y1 , there ex-
ist two circular islands containing each of the peripheral pri-
maries where the motion of the test particle is not possible.
Therefore, the test particle can orbit from central primary
to any libration points whereas it can not orbit to peripheral
primaries. In 8b, when the Jacobian constant C is increased
to C = CL+x1 = CL−x1 the forbidden region increased and two
crescent shapes appear which originate from L+x1 or L
−
x1 and
contain the libration points L+y1 or L
−
y1, respectively. Conse-
quently, the infinitesimal mass cannot approach to these li-
bration points. Further increase in value of Jacobian constant
to C =CL+x2 =CL−x2 leads to further increase in the forbidden
regions and consequently all the libration points fall inside
the forbidden region. The test particle can move either out-
side the circular annulus shaped region or in the vicinity of
the central primary. Therefore, we can conjuncture that as
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Fig. 8 The evolution of the regions of possible motion: first row: for β = 0.1,A =−0.22: (a)left: C = 8.25875064; (b) middle: C = 8.89008187;
(c)right: C = 9.93069941:, second row: for C = 2.93554384, (a) left: A = −0.005, (b) middle: A = −0.05, (c) right: A = −0.1. (colour figure
online).
the value of Jacobian constant increases, the forbidden re-
gion also increases.
In Fig. 8(d, e, f), the ZVCs are depicted for the fixed val-
ues of β ,C and the varying values of prolateness parameter
A. It can be noticed that when A = −0.005, there exist four
branches of forbidden regions, in which two are circular in
shaped which contain the peripheral primaries whereas two
crescent shaped regions contain the libration points which
exist on y−axis. However, the motion of the infinitesimal
mass is possible inside the pear shaped region which con-
tains all the libration points except those which lie on the
y− axis. As we decrease the value of parameter A =−0.05,
the crescent shape regions containing libration points L+y1
and L−y1 shrink and further shrink to libration points L
+
y1 and
L−y1 as the value of A approaches to ≈ −0.08741. It is ob-
served that the circular shaped forbidden regions containing
the peripheral primaries do exist even for higher values of
A. Consequently, the test particle can not communicate from
peripheral primaries to any other and vice-versa.
In Fig. 9(a-f), the regions of possible motion are depicted
for fixed value of the parameters A and β and increasing val-
ues of the Jacobian constant. It is observed that the regions
of possible motion decrease significantly when the value of
the Jacobian constant increases.
6 The basins of convergence
In the present manuscript a systematic study related to the
basins of convergence (BoC) associated with the libration
points are presented when the peripheral primaries are non-
spherical in shape. The well known method in multivariate
version, i.e., Newton-Raphson method is used to solve the
nonlinear equations. In addition, we will use the procedure
and methodology used by Zotos (2016) to illustrate the do-
main of the basins of convergence in the in-plane case only.
The associated multivariate iterative scheme is
xn+1 = xn− J−1 f (xn), (10)
where f (xn) shows the system of equations, whereas the as-
sociated inverse Jacobian matrix is given by J−1. In our sys-
tem 2a-2c, we have three equations.
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Fig. 9 The evolution of the regions of possible motion when A=−0.015; β = 0.1: (a) top left: C = 2.32787248; (b) top middle: C = 2.98763159;
(c) top right: C = 3.70660029; (d) bottom left: C = 4.53152976; (e) bottom middle: C = 4.56457186; (f) bottom tight: C = 4.59237937. (colour
figure online).
Thus, we can use the multivariate NR iterative scheme
on the system:
Ux(x,y) = 0, (11a)
Uy(x,y) = 0, (11b)
and for the configuration (x,y) plane, for each coordinate,
the bivariate version of the iterative scheme are read as:
xn+1 = xn− UxnUynyn −UynUxnynUxnxnUynyn −UxnynUynxn
, (12a)
yn+1 = yn+
UxnUynxn −UynUxnxn
UxnxnUynyn −UxnynUynxn
. (12b)
In the above equations, the values of x and y coordinates
at the n-th step of the iterative scheme are given by xn and
yn in the Newton-Raphson method. Here, the corresponding
second order partial derivatives of the potential function are
represented by the subscripts of U(x,y).
The philosophy that works behind the Newton-Raphson
iterative scheme is as follows: the numerical code activates
when the initial condition (x0,y0) is provided on the plane,
whereas the iterative scheme continues until an attractor (i.e.,
equilibrium point) is achieved, with the coveted predefined
accuracy. Whenever the specific initial condition reached to
one of the attractor (i.e., libration point) of the dynamical
system, we claim that for that specific initial condition, the
iterative scheme converges. It can be noted that the iterative
scheme does not converge equally well for each of the ini-
tial conditions, in general. The collections of all those initial
conditions which converge to the same attractor compile the
so-called BoC or NR basins of attraction.
It is well known that in the dynamical system such as
N-body problem, it is not always possible to find the ana-
lytic formulae to evaluate the coordinates of positions of the
equilibrium points. In fact, for N > 3, we do not have any
analytical formulae to evaluate the position of the libration
point, thus, the one of the best means is to use the numerical
methods to evaluate their positions numerically. At this point
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Fig. 10 The BoC linked with the libration points on (x,y)-plane for β = 0.1, and for (a) A = −0.005, (b) A = −0.01, (c) A = −0.0391, (d) A =
−0.075. The color codes for the BoC are as follows: L+x1 =red, L+x2 =cyan, L+x3 =magenta, L+x4 =blue, L−x1 =yellow, L−x2 =light pink, L−x3 =brown,
L−x4 =pink, L
+
y1 =green, L
−
y1 =olive, L
+
xy1 =teal, L
+
xy2 =purple, L
−
xy1 =gray and L
−
xy2 =orange. The dots show the positions of libration points. (colour
figure online).
of time it is necessary to note that every numerical method
strongly depends on the choice of initial conditions. Indeed,
the numerical methods may converge to one of the attrac-
tors (i.e., the roots) or may need a vast number of iteration
for some of the initial conditions to converge at one of the at-
tractor while for some of the initial conditions the numerical
method may trapped into an endless cycle in a periodic or
aperiodic manner or may diverge to infinity. This fact leads
to the conclusion that the choice of initial condition must be
good so that the method may converge to one of the attractor.
The various literature concerning the iterative scheme sug-
gest that those initial conditions need less number of the it-
erations which lie in the regular domain of the basins of con-
vergence, on the other hand the initial conditions which fall
in the fractal region may need a huge number of iterations to
converge at one of the attractor. The above mentioned facts
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Fig. 11 The BoC linked with the libration points on (x,y)-plane for β = 1000, and (a) for A = −0.142, (b) A = −0.09804989. The color codes
for the BoC are as follows: L+x1 =blue, L
+
x2 =cyan, L
−
x1 =yellow, L
−
x2 =pink, L
+
y1 =green and L
−
y1 =olive, L
+
xy1 =teal, L
+
xy2 =purple, L
−
xy1 =gray,
L−xy2 =orange. The dots show the positions of libration points. (colour figure online).
give us a considerable amount of reason to examine the BoC
corresponding to the equilibrium points. Consequently, we
can pick those initial conditions easily for which the itera-
tive method need lowest number of iterations to converge at
one of the specific attractor with predefined accuracy. More-
over, the most intrinsic properties of the dynamical system
are unveiled by the analysis of the BoC corresponding to the
libration points. Since , the equations (12a, 12b) contain the
first and second order derivatives which combine the dynam-
ics of the test particle’s orbit together with the corresponding
stability properties and therefore, it gives a strong reason for
revealing the basins of attraction in the present dynamical
model.
Recently, various scientists and researchers have deplete
their time to analyze the NRBoC in different types of dy-
namical systems, such as the restricted problem of three bod-
ies (e.g., Douskos (2010), Zotos (2016), Zotos (2017a)), the
restricted problem of four bodies (e.g., Zotos (2016), Suraj
et al. (2017a), Suraj et al. (2017b)), and the restricted prob-
lem of five bodies (e.g., Zotos and Suraj (2017)).
To illustrate the NRBoC, we deploy the following al-
gorithm: we classify the configuration plane into dense uni-
form grids of 1024×1024 initial conditions (x0,y0) and per-
form a double scan of the configuration (x,y) plane. For
the present numerical computations, the maximum number
Nmax of iterations allowed is set to 500 while the prede-
fined accuracy is set to 10−15 regarding the coordinates of
the equilibrium poiints. At this point of time it is necessary
to make clear that the Newton-Raphson BoC must not be
mistaken with the basins of attraction of that of dissipative
systems. It should be noted that the present manuscript deals
with numerical attractors and the BoC associated with them.
6.1 In-plane basins of convergence
We begin our numerical analysis with the in-plane case i.e.,
for the case when libration points lie on (x,y) plane only.
To classify each nodes on the configuration plane we have
used the color coded diagrams (CCDs), where each different
color is associated with each pixel, as per the final stage of
the associated initial conditions. In Section 3, we have illus-
trated that there exist different type of sets of libration points
for different combinations of the parameter β and A. On this
basis we have divided our analysis in following subsections.
6.1.1 When libration points lie on xy-plane
In this subsection, we have discussed the BoC in those cases
for which the libration points exist on the axes as well as
on the xy−plane. In Fig.10, we have illustrated the BoC
for fixed value of β = 0.1 and various values of parame-
ter A. The configuration plane is covered by well formed
BoC linked to the equilibrium points. Moreover, the extent
of BoC are infinite linked to all libration points. We observed
that the libration points linked to L−x1 and L
+
x1 are resemble
with exotic bugs with many legs and antennas. It is obvi-
ous that the majority of area of the configuration plane are
On the Spatial Collinear Restricted Four-Body Problem With Non-Spherical Primaries 13
Fig. 12 The BoC linked with the libration points on (x,y)-plane for β = 1000, and (a) for A = 0.025, (b) A = 0.75. For β = 0.1, and (c) for
A =−0.215. The color codes for the BoC are as follows: L+x1 =purple, L+x2 =cyan, L−x1 =green, L−x2 =olive, L+y1 =gray and L−y1 =orange. The dots
show the positions of libration points. (colour figure online).
covered by BoC linked to the libration points L±x4 and L
±
y1.
However, the basin boundaries are composed of the mix-
ture of the initial conditions and looks like chaotic sea. As
the value of parameter A decreases from −0.005 to −0.01,
there is very few changes in the BoC linked to libration
points. However, the legs and antennas of the exotic bugs
decrease significantly which shows that the domain of the
BoC decrease corresponding to libration points L−x1 and L
+
x1.
In Fig.10c, the BoC is depicted for large scale of the config-
uration plane (x,y) to have the idea of the BoC on broader
scale. It can be noticed that multiple wings shaped region
linked to the equilibrium points L±x3 (magenta and brown) in-
creases its wingspan and the boundaries of the basins looks
highly chaotic, infact the area between the wings shaped re-
gion linked to L±x3 and L
±
y1 is highly chaotic which is com-
posed of the mixture of various initial conditions. There-
fore, it is very difficult to predict the final state of the ini-
tial conditions which falling in these chaotic reasons. As
we compare the BoC with the previous panels we can no-
tice that as the value of A decreases, the libration points L±x3
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Fig. 13 The BoC linked with the libration points on (x,y)-plane for β = 1000, and (a) for A = −0.097968, (b) A = −0.001. The color codes for
the BoC are as follows: L+xy1 =teal, L
+
xy2 =purple, L
−
xy1 =gray, L
−
xy2 =orange, L
+
y1 =green and L
−
y1 =olive. The dots show the positions of libration
points. (colour figure online).
and L±x4 come closer to each other respectively and conse-
quently a major area of the domain of BoC of the config-
uration plane is covered by those initial conditions which
converge to these libration points. The domain of the BoC
corresponding to libration points L±xyi, i = 1,2, looks like
four lobes originating from x−axis. The domain of the BoC
linked to these libration points increase as the value of A de-
crease. In Fig.10d, the BoC is illustrated for that value of A
for which the libration points L±x3 and L
±
x4 collide and annihi-
late completely, and consequently only ten libration points
exist. We noticed that a major area of the configuration plane
looks like chaotic sea, composed of the initial conditions,
however the areas in the neighbourhood of the equilibrium
points are regular. If we compare panels Fig.10a,b, to panel
Fig.10d, we notice that the area adjoining the exotic bugs
shaped region which looks highly chaotic and appears el-
liptic in shape, increases significantly. We believe that the
initial conditions which converge to libration points L±x3,4
when these points exist, now converge randomly to any of
the existing libration points which is the reason why this re-
gion turn into the chaotic sea. Infact, the regular island of
BoC which converges to the equilibrium points L±x3,4 turned
into the chaotic sea. The zoomed view near the origin shows
that a elongated ”eight” shaped region exist from L−x2 to L
+
x2
is also chaotic except the four regular lobes shaped basins
linked to L±xyi, i = 1,2.
In Fig. 11, the BoC is illustrated for fixed value of β =
1000 and those values of A for which there exist ten equib-
rium points. We noticed that in both the panels, the extent of
the BoC is infinite linked to all the equilibrium points. More-
over, as the value of A increases from -0.142 to -0.09804989,
the BoC linked to libration points L±xyi, i = 1,2, becomes
more regular also the domain of the BoC linked to the equi-
librium points L±xi , i = 1,2, decrease. However, in both the
cases a major part of the configuration plane is covered by
chaotic sea composed of the various initial conditions.
6.1.2 When libration points lie on axes only
In this subsection, we will discuss the BoC in those case
for which the libration points lie only on the axes. In Fig.
12, we have discussed the BoC for two different values of
β = 0.1,1000, and different values of A. Fig. 12a, when
β = 1000 and A= 0.025, there exist four equilibrium points
on x−axis while two equilibrium points on y−axis. We no-
ticed that the configuration plane is covered by well-formed
BoC which extended to infinity. However, the majority of
the area is occupied by domain of the BoC linked to the
equilibrium points L±y1, which looks like the multiple butter-
fly wings. In addition, the domain of BoC which exists in
the vicinity of the equilibrium points L±x1 looks like circu-
lar island and the domain of BoC linked with the collinear
equilibrium points L±x2 looks like lobes originate from ori-
gin along the x− axis. Further, as the value of the oblateness
parameter A = 0.75 (see Fig. 12b) increases, it is seen that
the butterfly wings shaped regions shrink in the vicinity of
x−axis and consequently domain of the BoC associated with
the equilibrium points L±x2 increases whereas there is negli-
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gible change in the circular island shaped BoC linked with
L±x1.
Fig. 12c, the BoC is illustrated for β = 0.1 and A =
−0.215. It is seen that the basin of convergence associated
with the equilibrium points L±x1 (see purple & green colors)
looks like exotic bugs with many legs and antenna however,
the BoC linked to libration points L±x2 the two exotic bugs
shaped region corresponding to each libration points (shown
in cyan and olive color) exist in which one exists in the vicin-
ity of the libration points and other exists adjacent to the do-
main of BoC linked to the equilibrium points L±x1 and wings
and antennas of these exotic bugs are very noisy. It is ob-
served that these wings and antenna are chaotic mixture of
the initial conditions which converge to different attractors
and consequently it is almost impossible to predict that to
which attractors these initial conditions are converging.
6.1.3 When collinear libration points do not exist
In this subsection, we have illustrated the BoC for fixed
value of β and various values of A for which there exist only
non-collinear libration points (see Fig. 13). The extent of the
domain of BoC linked to each of the libration point is also
infinite in these cases. When the value of A= 0.097968, ma-
jority of the areas of the configuration plane is covered by
domain of BoC linked to the libration points L±y1. The well
formed domain of the BoC linked to the libration points L±xyi,
i = 1,2, exist in the vicinity of the x−axis. However, the
entire configuration plane look like a chaotic sea of initial
conditions except for those BoC which are associate to L±xyi
(see Fig. 13a). The BoC changes drastically as the value of
the A increase to A = −0.001. The regular domain of the
BoC linked to the libration points L±xyi increases significantly
and consequently the domain of the BoC linked to L±y1 de-
creases. However, the basins boundaries are very noisy and,
indeed, it is impossible to predict the final state of the initial
condition falling inside these basins boundaries even after a
sufficient number of iterations.
7 Concluding Remarks
In the present problem, the collinear restricted four body
problem has been investigated where the peripheral primaries
are non-spherical in shape. In particularly, the shape of the
peripheral primaries are either oblate or prolate spheroid.
It should be emphasized that a numerical investigation
is performed in such a thorough and systematic manner to
unveil the effect of the parameters β and A on the position
and stability of libration points, regions of possible motion
and on the topology of BoC by applying the NR iterative
scheme that all the illustrated results are novel, whereas they
enhance substantially to our knowledge related to the evolu-
tion of the libration points.
The most important outcomes of our numerical analysis
are listed below:
• The existence as well as the number of collinear libration
points strongly depend on the particular values of param-
eters β and A. For β = 0.1, there exist eight collinear
libration points for A ∈ (−0.039515,0) while it reduces
to four when A∈ (−0.259259,−0.039515) and (0, 1), in
addition, for β = 1000, there exist four collinear equilib-
rium points when A ∈ (−0.166687, −0.09805989) and
[0,1) whereas there exist no collinear libration point for
A∈ (−0.09805989,0). It is further noticed that there ex-
ist two type of non-collinear libration points, i.e., the li-
bration points which lie on (x,y) plane and the libration
points which lie on y−axis for the considered values of
β = 0.1,1000 and varying values of the parameter A.
• The movement of the libration points which lie on y−
axis remains toward the central primary as the value of
the parameter A increases. The libration points L±xy1 and
L±xy2 originate in the vicinity of the libration point L
±
x2
and move far from the x−axis along the arc shaped tra-
jectories and again turned to annihilate in the neighbour-
hood of the peripheral primaries for A = 0.
• The stability analysis for the in-plane libration points
suggests that only some of the libration points which lie
on the x−axis are linearly stable for a particular value
of β and particular range of the parameter A. Whereas
none of the non-collinear libration points are found lin-
early stable for any permissible value of the parameter A
for the studied value of β .
• The parametric evolution of the regions of possible mo-
tion in the in-plane case is illustrated and found that as
the value of the Jacobian constant increases, the regions
of the possible motion, where the test particle is free to
move, decrease. Moreover, the region of forbidden mo-
tion decreases in the in-plane case when the value of A
decreases.
• The evolution of the BoC as the function of the parame-
ter A is presented to determine the effect of the parameter
A on their topology. It is observed that in all the cases the
extent of the domain of BoC linked to the libration points
is infinite. The basins boundaries are always chaotic in
nature which are mainly composed of those type of ini-
tial conditions which converge to any of the equilibrium
points randomly.
We have used the latest version 12.0 of the Mathematicar to
perform all numerical as well as graphical illustrations. We
hope that the presented numerical analysis and the obtained
results to be useful in the real world where the primaries are
celestial bodies which are in collinear configuration. In fu-
ture work it is interesting to unveil that how the topology
of the BoC linked to the out-of-plane equilibrium points, if
exists, is changed with the change when the value of param-
eters β and A changes.
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